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Abstract
A simple variational model is proposed to analyze the superconducting state in long
cylindrical type-II superconductor placed in the external magnetic field. In the framework of this
model, it is possible to solve the Ginzburg-Landau equations for the states with axially symmetric
distributions of the order parameter. Phase transitions between different superconducting states are
studied in the presence of external magnetic field and an equilibrium phase diagram of thin cylinder is
obtained. The lower critical field of the cylindrical type-II superconductor with arbitrary values of
radius and Ginzburg-Landau parameter is found. The field dependence of the magnetization of thin
cylinder, which can carry several magnetic flux quanta, is calculated.
PACS: 74.24. Ha, 74.60. Ec
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1. Introduction
Recently, much attention was attracted to the analysis of superconducting state in
mesoscopic samples, whose sizes are comparable to the coherence length x(T )  or London
penetration depth l(T ) [1-15]. Numerous experimental and theoretical works are devoted to
the study of the magnetic response of different shaped mesoscopic samples. It is known that
below the first critical field 1cH (T ) there are no vortices inside a type-II superconductor (the
Meissner state). A multi-vortex state (the Abrikosov phase) becomes energetically more
favorable between 1cH (T ) and bulk upper critical field 2cH (T ). In the vicinity of 2cH (T ) a
phase with the giant-vortex in the center of the sample carrying L > 1 flux quanta has the
lowest energy, and Abrikosov vortices merge into this structure [5-14]. In this case, the order
parameter is strongly suppressed in the inner part of the sample, and this state can be referred
to a surface superconductivity. With further increasing of the applied magnetic field H , phase
transitions between different giant-vortex states are observed. The superconductor comes to
the normal state at )(3 THH c=  (where 3cH (T ) is the surface or the third critical field). Note
that both the values of 1cH (T ) and 3cH (T ) depend on the sample sizes and geometry.
In this paper, we apply a variational method for the study of the vortex state in a long
type-II superconducting cylinder. Based on the trial function for the order parameter, it is
possible to find the approximate solution to the Ginzburg-Landau (GL) equations for the
Meissner state, single-vortex state, and giant-vortex state. The model enables us to find
explicit expressions for the dependence of the lower critical field of the cylinder )(1
cyl
cH  on its
radius R and GL parameter k . Phase boundaries between different superconducting states are
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2calculated and an equilibrium phase diagram of thin cylinder is obtained. We found that states
with axial symmetric distribution of the order parameter are energetically more favorable with
respect to the Abrikosov phase if the radius of the cylinder is smaller than 2.75x(T ). In this
case, equilibrium magnetic properties of sample can be described in the framework of the
variational model. We calculate the magnetization curve of thin cylinder, which can carry
only several quanta of magnetic flux.
Our results for the lower critical field are in a good agreement with the numerical
solutions of GL equations [8], where the superconductors with k >> 1 were studied. In the
case k >> 1, it is possible to neglect the spatial distribution of the magnetic field inside the
cylinder when calculating the lower critical field at R ~ x(T )  and to reduce the system of GL
equations to a single one. Within the framework of our variational model, the spatial
distribution of the magnetic field for the Meissner state and single-vortex state can be taken
into consideration accurately, which is important at k ~ 1.
2. Ginzburg-Landau theory for the superconducting state in the cylinder
Consider a cylindrical type-II superconductor in the uniform applied magnetic field H
parallel to the cylinder axis. The sample is much longer than l(T ), so both the order
parameter and the magnetic field are constant along its axis. Let us introduce the
dimensionless quantities: all the distances are measured in units of x(T ), the magnetic field is
measured in units of bulk upper critical field 2cH (T ), and the order parameter is measured in
units of ba /-  with a,  b   being the GL coefficients. In this paper, we study the states with
axially symmetric distributions of the order parameter and the magnetic field inside the
cylinder. In this case, the order parameter can be presented as )exp()( Lirf j  (the so called
“L-state”), where r is the dimensionless radius-vector in the cross-sectional area of the
cylinder, j  is the azimuthal angle, and L is the angular quantum momentum (L= 0, 1, 2,…).
If L= 0 this state is vortex-free or the Meissner state, if L= 1 it is the single-vortex state, and
at L > 1 it is the giant-vortex state.
The Gibbs free energy G of the cylinder can be written in the form of the GL
functional:
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where r, a, b are dimensionless radius of the cylinder, vector potential, local magnetic field
respectively, and h is external field. The system of GL equations and the relationship between
a and b are given by:
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The boundary conditions for the magnetic field and the order parameter are:
0)0( =¢b , hb =)(r ;                                                                                                                 (4)
0)( =¢ rf ;                                                                                                                                (5)
.0  ,()( 2 ®-=¢-   rLr)brrf                                                                                                       (6)
Note, that here we use the standard in GL theory boundary condition (5) for the order
parameter on the boundary of superconductor and vacuum [16, 17]. Condition (6) can be
found from Eqs. (3) [17]. As it follows from GL equations, their solutions behave as
 ~)( Lrrf  at 0®r  [17].
3The total Gibbs free energy (1) of the cylinder is a sum of two terms opG  and mG ,
related to the spatial variation of the order parameter (the sum of first two terms in (1)) and to
the energy of the magnetic field and the supercurrents (the sum of last three terms in (1)).
Using (3), (4) and (6), it is easy to find:
( ). 2)0( 2)()(2 222 hbLbfhGm -+¢-= - kprrrkp                                                                 (7)
It is a rather complicated task to solve the system of coupled equations (2) and (3) due to their
non-linearity. In the next section we shall describe an approximate method of solution to
system (2), (3).
3. Variational ansatz
Instead of solving of the GL equations, it is possible to use trial functions for the local
coordinate dependence of the order parameter. We propose the following trial function for the
spatial distribution of the order parameter:
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with Lf  and Lr  being the variational parameters. The values of Lf  and Lr  can be calculated
self-consistently by minimization of the free energy. However, at L = 1 this leads to
cumbersome expressions. So we use another trial function, which was proposed in Ref. [19]:
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where h  and vx  are the variational parameters. The application of this function leads to more
accurate value of the bulk lower critical field )(1
b
ch  [18,19]. But trial function (9) does not
meet boundary condition (5) since its derivative can not be equal to zero on the surface of the
cylinder. However, )(rf ¢  is small even at r ~ 1  (R ~ x(T )). In addition, we found that both
models give very similar results. Thus, below for the sake of simplicity we shall use trial
function (9) for single - vortex state (L = 1), while for giant - vortex states (L > 1) and vortex -
free state (L = 0) trial function (8) is used. An accuracy of our variational model is discussed
in Sections 4 and 5.
3.1. Meissner state
Let us find the energy of the vortex - free state (Meissner state). The value of the order
parameter 0f  (8) is assumed to be constant throughout the sample. In this case the local
magnetic field can be easily found from the second GL equation (3) and the boundary
conditions (5):
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where In (and further on Kn) are the Bessel functions of imaginary argument. The total Gibbs
free energy of the cylinder in the vortex-free state in this approximation is:
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The value of 0f  at arbitrary h can be found calculated by minimization of G. Thus, we can
find the approximate solution to the system of GL equations for the vortex-free state.
43.2. Single-vortex state
The local order parameter is described by function (9). In this case, the local magnetic
field at L = 1 can be found from the Eqs. (3) when the order parameter is given by Eq. (9):
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where z  and t  are constants. One can find the values of z  and t  from the boundary
conditions (4) and (6):
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where we define the matrix elements stW  as
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Taking into account Eqs. (7), (12)-(14) we obtain the following expression for the
magnetic free energy of the cylinder:
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Using Eqs. (1) and (11) it is possible to find the energy related to the spatial variation of the
order parameter:
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So we derived the dependence of the total Gibbs free energy of the cylinder
opm GGG +=  on the applied magnetic field h and variational parameters h , vx . At arbitrary
h, the values of h  and vx  can be calculated by minimization of the Gibbs free energy G with
respect to h  and vx . Thus, in the framework of the variational model it is possible to find the
approximate solutions to the GL equations (2), (3) at L = 1.
3.3. Giant-vortex states
In this subsection, we shall describe an approximate method to solve equations (2) and
(3) at L > 1. The local order parameter is given by Eq. (8). When the giant vortex is located in
the center of thin cylinder at h > 1 (H > 2cH (T)), the order parameter has a ring-like
distribution. In this case the magnetic field undergoes only slight spatial variation in the
superconductor, therefore the contribution of the spatial variation of field to the free energy
can be neglected [20, 21]. If the magnetic field is constant inside the cylinder, the vector
potential is a =hr/ 2. So it is easy to find the total Gibbs free energy of the system G from Eq.
(1) by a straightforward integration. However, the final results for the free energy and the
local magnetic field (which we shall find below) are cumbersome and we do not write it here.
Similar to the previous cases, the values of variational parameters can be calculated by
minimization of free energy G. In this case, the expression for the free energy is biquadratic
5with respect to Lf , which makes the minimization procedure much simpler. Thus, the spatial
distribution of the order parameter and the free energy of the cylinder can be found.
The local magnetic field can be calculated from Eqs. (3), (4), and (8), using known
local order parameter:
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The giant-vortex phase exists if h > 1 (H > 2cH (T)) and it will be shown in Section 5 that
under this condition the error in magnetization arising due to neglecting of the spatial
variation of field is just a few percent even at L = 1 and small k  .
4. The critical fields and phase diagram of the cylinder
The lower critical field of the cylinder )(1
cyl
cH  is the value of external magnetic field h
at which the energies of Meissner state (L = 0, Eq.(11)) and single-vortex state (L = 1, Eqs.
(15) and (16)) become equal. Equating these energies, it is possible to obtain the dependence
of dimensionless lower critical field )()(1 r
cyl
ch  on the variational parameters:
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We found by numerical minimization of the total Gibbs free energy that the variational
parameters at the transition from L = 0 to L = 1 state can be approximated by the following
explicit expressions:
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where )(bvx  is the value of vx  at ¥®r . It can be found from the condition 0/
)( =¶¶ bvG x  at
¥®r :
.0 
)/(
)/(
12
)(2
1
)(2
0)( =
ú
ú
û
ù
ê
ê
ë
é
--
kx
kx
x
b
v
b
vb
v
K
K
                                                                                            (21)
At k >> 1 we have: 2)( »bvx . Eqs. (18)-(21) give the solution for )(
)(
1 r
cyl
ch .
When the radius of the cylinder r >>1  (R >> x(T )) the above expression for
)()(1 r
cyl
ch  reduces to formula, which was obtained in the framework of London
approximation in Ref. [20]:
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6The dependence )()(1 r
cyl
ch  (18) is shown in Fig. 1 for k = 5 (curve 1). In Fig. 2 we plotted
this dependence at different k values. In Fig 2 the lower critical field is also shown at k ® ¥
(dot line), which was calculated by numerical solution to the GL equations in Ref. [10]. The
deviation of variational result from the numerical one does not exceed few percent. In
addition, we found that dimensionless )()(1 r
cyl
ch  behaves in a similar way (scaling behavior)
for different k starting with k » 3 (see Fig. 2).
The dimensionless third critical field of the cylinder )()(3 r
cyl
ch  is found from the
linearized GL equation (2) [8,10], but )()(3 r
cyl
ch  can also be calculated in the framework of
present variational model with good accuracy if the cylinder is not thicker than several x(T ) .
In contrast to the linear approach, our approximation allows finding phase boundaries
between different L-states and the magnetization. The value of )()(3 r
cyl
ch  can be defined from
the condition of equality of the energy of L-state (which is always energetically more
favorable than the Abrikosov phase above h = 1 (H = Hc2(T))) and normal state. At each r 
we should chose the maximum value of )()(3 r
cyl
ch  among those, corresponding to different L.
The resulting dependence )()(3 r
cyl
ch  is shown in Fig. 1 (curve 2). The numbers below the
curve 2 characterize the angular quantum momentum L of corresponding states. The
difference between the exact values of )()(3 r
cyl
ch , found from the linearized GL equation (dot
line), and variationally-calculated )()(3 r
cyl
ch  is few percent at L < 5, which indicates good
accuracy of variational model. At L > 5 the deviation of variational )()(3 r
cyl
ch  from the exact
result increases.
An equilibrium phase diagram (Fig. 1) includes the vortex-free state (region below
curve 1), the vortex state (between curves 1 and 2) and the normal state (upper than curve 2).
Phase boundaries between different L-states can be calculated using the results of Section 3,
where the energies of these states were found (Fig. 1). However, the energy of superconductor
in the Abrikosov phase, which is energetically more favorable below h = 1 (H = Hc2(T)), can
not be calculated in the framework of our model, because the local order parameter is not
axially symmetric in this case. Nevertheless, as can be seen from the phase diagram (Fig. 1),
L-states have the lower energy as compared to the Abrikosov phase at small cylinder radius
x75.2£R , since the field of transition from L = 1 to L = 2 state is bigger than h = 1 (H =
Hc2(T)) in this case. Therefore equilibrium magnetic properties of such a sample can be
studied in the framework of present variational model (see the next section). Note in
conclusion of the section that various phase diagrams for different shaped samples were
studied in Ref. [8-13].
5. Equilibrium magnetization of thin cylinder
The magnetization of a mesoscopic superconductor differs crucially from that for a
bulk superconductor. It follows a set of curves, corresponding to different number of vortices
and different L-states inside [6, 7-14, 21, 22]. Let us find the equilibrium magnetization of
thin cylinder with radius smaller than 2.75x(T ), where the multi-vortex phase is energetically
unfavorable, relative to L - states. From the definition, the magnetization is M = (< b > - h) /
4p where < b > is the averaged magnetic field over the volume of superconductor. The spatial
distributions of the magnetic field and the order parameter inside the cylinder were found in
Section 3. The results for magnetization in the cases of different cylinder radiuses at k = 5 are
shown in Fig. 3. In Fig. 3 (a) the magnetization curve is plotted for the cylinder with R =
71.2x(T ), which can not accommodate any vortex. Fig.3 (b) and (c) correspond to the cases R
= 2.25x(T ) and 2.5x(T ), in which the cylinders can accommodate giant vortices with L = 2
and L = 3 respectively. Jumps in the magnetization correspond to the transitions between
different L-states.
Let us check the accuracy of the assumption that the spatial vatiation of the magnetic
field can be neglected when calculating the total free energy of a giant-vortex state. For this
purpose, we compare the magnetization for single-vortex state (L = 1), calculated in the
framework of approaches of Subsections 3.2 and 3.3. In the former case this contribution is
taken into account while in the later case it is neglected. We found that the difference between
these results is just a few percent at h > 1 (H > Hc2(T )), which demonstrates a good accuracy
of our approach. Note in conclusion that the similar variational procedures were applied in
Ref. [18, 23, 24, 25] to study the magnetic properties of a bulk type-II superconductor in the
entire range of external magnetic fields between 1cH  and 2cH .
6. Conclusion
In this paper, we apply a variational method for the analysis of vortex state in
mesoscopic cylindrical type-II superconductors placed in the external magnetic field. Instead
of solving of the coupled nonlinear Ginzburg-Landau equations, it is possible to use the trial
function to describe the spatial distribution of the order parameter in the cylinder. The local
magnetic field inside the cylinder can be found explicitly from the second Ginzburg-Landau
equation. The model enables us to find an approximate solution to the Ginzburg-Landau
equations for different states with axial symmetric distribution of the order parameter. Within
the framework of the model, we calculate the dependence of the lower critical field on the
radius of the cylinder at arbitrary Ginzburg-Landau parameter k and the equilibrium phase
diagram. We find that states with axial symmetric distributions of the order parameter are
energetically more favorable with respect to the Abrikosov phase if the cylinder radius is
smaller than about 2.75x. We calculate the field dependencies of the magnetization of such
cylinders, which is able to accommodate only several magnetic flux quanta.
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Figure captions
Fig. 1. The equilibrium phase diagram of the cylindrical type-II superconductor (k = 5) in the
applied magnetic field. The solid line 1 corresponds to the lower critical field )(1
cyl
cH ; the
solid line 2 corresponds to the surface critical field )(3
cyl
cH  calculated by the variational
method. The numbers below curve 2 denote the angular quantum momentum of
superconducting states. The dashed line corresponds to the exact surface critical field found
from the linearized Ginzburg-Landau equations.
Fig. 2. The lower critical field of the cylinder )(1
cyl
cH  vs cylinder radius R at different k
values. The solid lines correspond to the variational calculation at k = 0.8, 1.5, ¥; the dot line
corresponds to the numerical solution to the GL equations [10] at k = ¥.
Fig. 3. The equilibrium field dependence of the magnetization of the thin cylinder with the
radius R   at k = 5, (a) R = 1.2x(T ) ,  (b) R = 2.25x(T ) , (c) R = 2.5x(T ) . Jumps in the
magnetization correspond to the transitions between different L - states.
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